Introduction
Acetabular fractures are produced by high energy injuries that often cause dislocation of the fragments with gaps and steps (Olson et al., 1997) . The goal of operative treatment of such fractures is to restore acetabular anatomy with perfect fragment reduction and stable fixation in order to enable early joint movement (Letournel and Judet, 1993) . The fixation of the fragments is not strong enough to allow weight bearing before the bone is healed (Goulet et al., 1994; Olson, 2003) and in some patients even physical therapy with initial passive motion and continued active exercises without weight bearing could lead to dislocation of fragments and early posttraumatic osteoarthritis (Letournel and Judet, 1993) . Early physical therapy of patients with acetabular fractures therefore requires careful selection of exercises in order to prevent excessive loading of the injured acetabular region. Current guidelines for nonoperative management of acetabular fractures and postoperative management of surgical procedures in the acetabular region recommend initial bed rest followed by passive motion in the hip joint. Initial active non-weight-bearing exercises commence a few days after surgery and include active flexion, extension and abduction in the hip in the upright position. The same set of exercises in supine or side-lying abduction is usually postponed until 5-14 days postoperatively. Partial weight-bearing with stepwise progression usually starts 6 weeks postoperatively and full weight bearing is eventually allowed at 10 weeks (Maurer et al., 1997) . Recently, interesting information was obtained by direct measurements of acetabular contact pressures during rehabilitation exercises in subject with pressure-instrumented partial endoprostheses where it was found that acetabular pressures may not follow the predicted rank order corresponding to the commonly prescribed temporal order of rehabilitation activities (Givens-Heiss et al., 1992; Tackson et al., 1997) . It has been found that hip stress magnitudes in some non-weight bearing exercises can exceed hip stress in weight bearing exercises or even gait. Due to technical complexity and invasiveness of direct contact stress distribution measurement, various mathematical models for calculation of the contact stress distribution in the hip joint have been proposed (Brand, 2005; Daniel et al., 2008; Genda et al., 2001; Ipavec et al., 1999; Legal and Reinicke, 1980; Pedersen et al., 1997) . Recently, a mathematical model has been developed that enables computation of the contact stress distribution at any given position of www.intechopen.com 4GJCDKNKVCVKQP 'PIKPGGTKPI acetabulum and also allows simulation of different body positions and variations in pelvic morphology. However, such estimation of the contact stress distribution necessarily includes determination of the hip joint reaction force magnitude/direction. Non-invasive determination of the localization of dynamic acetabular loading during gait has so far been performed by inverse Newtonian computations based on kinematic measurements of individual body segments and a muscle model (Delp et al., 1990) . For slow rehabilitation exercises the loading in the hip joint at a given leg and/or body position approximates to static biomechanical equilibrium and the hip joint reaction force can then be numerically calculated by using a muscle model and a suitable optimization function without kinematic measurements (Crownishield and Brand, 1981; Pedersen et al., 1997) . It has been shown recently, that the acetabular loading is the highest in unsupported supine abduction (Kristan et al., 2007) . However, the abduction may be accompanied with flexion and rotation of the hip as well. The aim of this chapter is to present a model for assessing acetabular loading in non-weight-bearing supine exercises by using a muscle model for computation of the hip joint reaction force and a previously developed mathematical model of contact hip stress distribution. Position of the leg with high acetabular loading will be identified. With this knowledge the range of motion and body position during active exercises can be suggested that would prevent excessive loading of particular acetabular regions and displacement of fracture fragments.
Hip joint force computation 2.1 Equilibrium equations
In mathematical modelling, the musculoskeletal system of human body is usually modelled as a system of absolutely stiff segments connected by joints and motion of the segments is realized by the muscles spanning the joints (Nigg and Herzog, 1995; Schneck, 1990; Winters, 2000; Zajac and Winters, 1990) . From this point of view, the human body is perceived as a multibody mechanical system controlled by the equations of dynamic equilibrium (Rasmussen et al., 2001) . In the supine abduction, the body could be divided into two segments (Iglič et al., 1990) . The first segment is the free leg which performs given exercise and the second segment is the rest of the body. In this position, the leg is loaded by its own weight W L , by the hip joint reaction force R, and by the force of the muscles F. It is taken that the origin of the hip joint reaction force R lies in the centre of the femoral head (Yoshida et al., 2006) .
The muscle force F acting on the free leg is the vector sum of the forces of all the muscles F i that are active in the particular body position
In the modelled two-segment system, it is taken that rotation of the segments occurs with respect to the axis through the centre of the femoral head. Therefore the centre of the femoral head was chosen for the origin of the coordinate system. In the anatomical position, the x-axes point medially, the y-axes point anteriorly, and the z-axis point superiorly ( Fig. 1 ). When performing slow exercise, inertial forces can be neglected and moment equilibrium of the free leg with respect to the center of the coordinate system can be written as
where r W is the radius vector from the centre of rotation (centre of the femoral head) to the centre of gravity of the free leg, r i is the radius vector from the center of rotation to the attachment of given muscle at the free leg. The index i runs over all muscles that are active in particular leg position. The weight of the leg is approximated after Clauser, 1970 .
where W B is the body weight. In supine abduction, the weight of the leg points backward
and position of the center of gravity in neutral position of the leg is approximated as
where b is the z-coordinate of the center of the gravity of lower leg. In a static biomechanical analysis, whole muscles are usually represented as single vectors with a certain line of action and force magnitude (Crownishield and Brand, 1981) . The line of action of a muscle may be considered to go directly from the origin to the insertion site (Schneck, 1990) . We can describe these points by their radius vectors: r i for the proximal attachment point and r i ′ for the distal attachment point. From the position of the muscle attachment points, the direction of the force of the muscle, given by the unit vector s i , is calculated.
The muscle force F i can be approximated as (Iglič et al., 1990) : . . . , 9 (8) where PCSA i is physiological cross-sectional area of the i-th muscle, σ i is the average tension in the i-th muscle and s i is the unit vector in the direction of the the i-th muscle.
Muscle model
The musculoskeletal geometry defining positions of proximal and distal muscle attachment points in neutral position and cross-sectional areas of the muscles is based on the work of (Delp et al., 1990) . Muscles attached over a large area are divided into separate units. Hence, the model includes 27 effectively active muscles of the hip (Tab. 1).
Muscle force optimization
If all the muscles were included into equilibrium equations, the number of unknown quantities would be much higher than the number of equations. Mathematically, an infinite number of solutions would satisfy the system of equations. It means, there is more muscles than needed to perform given motion and the problem is referred as the muscle redundancy (Prilutsky and Gregor, 2000; Tsirakos et al., 1997) . It has been suggested that the optimal muscle activation can be found by minimization of the sum of muscle stresses cubed (Crownishield and Brand, 1981; Tsirakos et al., 1997) . This optimization criterion is based on the experimentally determined nonlinear dependence between the muscle force and the endurance time of muscle contraction and on the idea that muscles are activated in a way that maximizes their endurance time (Brand et al., 1986) . The optimization criterion was justified by comparison of the resultant hip force calculation with the experimental measurements using an implanted instrumented endoprosthesis (Brand et al., 1994; Stansfield et al., 2003) . The physiology of muscle requires that the muscle forces are non-compressive and do not exceed their physiological limits (Heller et al., 2001; Tsirakos et al., 1997) . Therefore additional inequality constraints were defined which restrict the range of the muscle forces F i . The maximum allowed muscle force of the i-th muscle is directly proportional to the physiological cross-sectional area (Crownishield et al., 1978) and the maximum allowed tensile stress in the muscle (σ max ). In our work the value of 1 MPa was taken for σ max (Crownishield and Brand, 1981; Heller et al., 2001) . By taking into account equilibrium of the forces and the moments acting on the pelvis in the rehabilitation exercise (Eq. (3)) and definition of muscle force using a straight-line muscle model (Eq. (8)), the optimisation problem can be defined:
For solving nonlinear optimisation problems the SOLNP module for MATLAB was used. After minor adjustments of the source code, it was possible to use this module in GNU Octave as well (Eaton, 1997) . The SOLNP algorithm solves the general nonlinear optimisation programming problem with an augmented Lagrangian objective function using a combination of linear programming and sequential quadratic programming using Broyden-Fletcher-Goldfarb-Shanno's technique (Ye, 1989) . The further description of the algorithms used in the module SOLNP is given in Ye, 1989. resultant hip force R, the peak stress on the weight-bearing surface p max can be computed by using subsequent mathematical model Zupanc et al., 2008 ). The original model adopts cosine stress distribution derived by (Brinckmann et al., 1981) .
Hip joint contact stress distribution -HIPSTRESS model

Cosine stress distribution
In deriving model equations, following simplifications concerning the geometry of the hip and the mechanical properties of the articular cartilage were introduced: it is assumed that the femoral head has a spherical shape while the acetabulum forms a hemisphere. The gap between these two rigid spherical surfaces is occupied by a cartilage which is considered to be an ideally elastic material, i.e., it is assumed that it obeys Hooke's law. Upon loading, the femoral head is moved toward the acetabulum and the cartilage is squeezed. Due to the assumed sphericity of the bone surfaces there is only one point where the spherical surfaces of www.intechopen.com 4GJCDKNKVCVKQP 'PIKPGGTKPI the acetabulum and the femur are the closest. This point is called the stress pole (Brinckmann et al., 2002) . Since the cartilage completely fills the gap, the deformation of the cartilage is highest at the stress pole. From the sphericity of the bone surfaces it can be derived that the strain in the cartilage layer at any point of the weight bearing area is proportional to the cosine of the angle between this point and the stress pole (Brinckmann et al., 1981; Greenwald and O'Connor, 1971) . According to Hooke's law, the contact stress in the cartilage is proportional to the strain in the cartilage, i.e., to the displacement of the femoral head with respect to the acetabulum. The sphericity of the hip surfaces and the ideal cartilage elasticity described above yield the cosine stress distribution function with its maximum at stress pole p 0 (Brinckmann et al., 1981) :
where ν is the angle between the given point and the stress pole. The area of nonzero contact stress is called the weight bearing area A.
Equilibrium equations
The stress distribution is described by the position of the stress pole P and value of the stress at it. The sum of the contact stresses over the weight bearing area gives the hip joint reaction force.
In contrast to the previous work (Ipavec et al., 1999) , we present a local coordinate system, which is fixed with respect to the acetabulum instead of global coordinates. The acetabular coordinate system is defined in accordance with Bergmann, 2001 . The acetabular coordinate system takes advantage of the symmetry of the acetabular hemisphere. The hip joint resultant force is calculated in a coordinate system which is fixed with respect to the pelvis. The position of the acetabular cup with respect to the pelvis coordinate system is determined as described in (Bergmann, 2001) . The origin of the pelvis Cartesian coordinate system and of the acetabular Cartesian coordinate system coincides with the center of the femoral head. The local coordinate system of the acetabulum is obtained after rotation of the pelvis coordinate system (Bergmann, 2001) for angle β around the x axis and then by angle γ around the z axis ( Fig. 3) . After the rotation the acetabular xz-plane is identical with the basis of the acetabular hemisphere and the −y axis points to the top of the acetabular shell. After subsequent transformation of coordinate system defined as x a = z, y a = z and z a = −y,a coordinate system shown in Fig. 4 is obtained. The z a -axis is the axis of the symmetry of the acetabular hemisphere, y a -axis points anteriorly and x a -axis points laterally. The values of the angles β and γ for a normal hip are computed from position of the acetabulum as:
where ϑ CE is the center-edge angle of Wiberg and ϑ AV is the angle of anteversion defined in Fig. 2 .
In the acetabular coordinate system, the hip joint resultant force R is defined by its magnitude R and by its direction, given by the spherical coordinates ϑ Ra , ϕ Ra . The position of the stress pole is also determined by spherical coordinates Θ a and Φ a . The polar angles ϑ Ra and www.intechopen.com Fig. 3 . Position of the acetabular coordinate system (x a , y a , z a ) with respect to the pelvic coordinate system (x, y, z) (Bergmann, 2001 ) (left) and schematic presentation of the acetabular hemisphere and the acetabular coordinate system (right). The weight bearing area is marked by shading, symbol P denotes position of the stress pole (right). The projection of the stress distribution in the xz-plane is also shown.
Θ a describe the angular displacement from the z a -axis, while the azimuthal angles ϕ Ra and Φ a describe the angular displacement of the pole from the y = 0 plane in counterclockwise direction.
Due to the symmetry of the acetabular coordinate system, where the z a axis is the axis of symmetry of the acetabular shell, angle Φ a is given by the direction of force ϕ Ra only as discussed below. Force R and the z a -axis of the acetabular coordinates determine the symmetry plane which divides the acetabular hemisphere into two equal parts. The contact stress distribution should satisfy the condition that integration of p over the area of both halves of the acetabular hemisphere (Fig. 4) gives the resultant hip force (Eq. 11). Since in our model the weight bearing is a part of the acetabular hemisphere, and the stress distribution function (Eq. (10)) is symmetrical with respect to the stress pole, Eq. (11) is fulfilled only in the case if the stress distribution is symmetrical with respect to the plane given by ϕ Ra and y axis. It means that the stress pole must lie in this symmetry plane defined by R and the y-axis (Φ a = ϕ Ra ). Using appropriate rotation of the coordinate system around the z a -axis for angle ϕ Ra we obtain a new orthogonal coordinate system x ′ a , y ′ a , z ′ a . In the rotated coordinate system the pole of stress P as well as force R lie in the y ′ a = 0 plane. For a force in y ′ a = 0 plane, method for determination of the position of the stress pole which was developed for the one-leg standing with the force in the frontal plane and acetabulum symmetrical with respect to this plane (Herman et al., 2002; Iglič et al., 1993; 2002) can be used. In order to solve Eq. (11), the ordinary spherical coordinate system was used in the previous papers (Iglič et al., 1993; Ipavec et al., 1999) . Classical spherical coordinates lead to the complex expression for the boundaries of the weight-bearing area. Therefore the corresponding integrals in Eq. (11) are mathematically complicated (Ipavec et al., 1999) . If the alternative spherical coordinate system is used the calculation of the integrals in vector Eq. (11) becomes much more simple and transparent (Herman et al., 2002) . The alternative spherical coordiwww.intechopen.com
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nates are defined as following:
where r is the radius of the articular surface. Angles ϑ and ϕ are depicted in Fig. 4 . In the rotated alternative coordinate system (Fig. 4) force R and the stress pole will have the spherical coordinates ϕ ′ Ra = 0, ϑ ′ Ra = ϑ Ra and Φ ′ a = 0, Θ ′ a = Θ a , respectively. In the rotated spherical coordinates the angle ν between the radius vector to the stress pole r P =(r sin Θ a ,0,r cos Θ a ) (17) and the radius vector to the given point on the articular surface r =(r cos ϕ sin ϑ, r sin ϕ, r cos ϕ cos ϑ)
can be expressed using the scalar product of r P and r:
Then the stress distribution function (Eq. 10) is expressed in the alternative coordinate system with the pole in the x ′ a = 0 plane, as follows
The elementary infinitesimal integration area in the alternative coordinate system is: dA = r 2 cos ϕ (cos ϕ sin ϑ, sin ϕ, cos ϕ cos ϑ) dϑ dϕ
In the new alternative coordinate system, the integration in Eq. (11) can be performed over the fixed boundaries of the weight-bearing area, which considerably simplifies the derivation. The weight bearing area is limited at the lateral border by the acetabular rim (ϑ L = π/2, while the medial border is determined by the curve where the stress vanishes (Eq. 10), i.e., the lateral border consists of points with a constant angular distance π/2 from the stress pole (ϑ M = Θ a − π/2). Since the symmetry plane defined by force R and the y-axis splits the acetabular hemisphere into two symmetrical parts ( Fig. 4) , in the new alternative coordinate system angle ϕ runs from −π/2 to π/2 over the whole weight-bearing area. It follows from Eqs. (20) and (21) that the x ′ a and z ′ a components of force R in Eq. (11) can be expressed in the form:
The integral for the x ′ a component of force R is identically equal to zero due to the symmetry of the rotated coordinate system as discussed above (Fig. 4) . Fig. 4 . Rotated acetabular coordinate system (x ′ a , y ′ a , z ′ a ) and the alternative spherical coordinate system in the acetabular reference frame. Weight-bearing area is shaded and the elementary area dA is shown. Symbol P denotes the position of the stress pole.
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It follows from Eqs. (22) and (23) that the unknown spherical coordinate of the stress pole (Θ a ) can be obtained by solving the nonlinear equation:
When the position of the stress pole (Θ a , Φ a ) is calculated as described above, the value of the stress at the pole is then determined from the expression:
If the pole of the stress distribution is located within the weight-bearing surface, the location of the p max coincides with the location of the pole (p max equals p 0 ). When the stress pole lies outside the weight-bearing surface, the stress is maximal at the point on the weight-bearing surface, which is closest to the pole and can be computed after Eq. (10).
Modelling rehabilitation exercises
Each specific type of exercise was modeled by rotation of the leg around the center of the femoral head while the pelvis was taken to be fixed in a laboratory coordinate system. Three subsequent rotations were considered: abduction, flexion and internal/external rotation. Abduction angle is defined as rotation of the leg around y-axis, flexion angle is defined as rotation of the leg around x-axis and internal/external rotation is defined as rotation of the leg around z-axis (Fig. 5) . Positive values of abduction angle indicate abduction while negative values indicate adduction. Positive values of flexion angle correspond to flexion while negative values correspond to extension. Positive values of rotation angle correspond to external rotation while negative values correspond to internal rotation. The three anatomic angles giving the three rotations corresponds to Euler angles (Kreyszig, 1993) . Using these three angles any rotation may be described according to Euler's rotation theorem. For a given set of rotation www.intechopen.com angles (Fig. 5) , the muscle geometry was adapted considering change in the attachment points of muscles on the bones of the leg.
Parameters and constants
The range of abduction/adduction was taken from 40 to -10 degrees, respectively, the range of flexion/extension was taken from 70 to -10 degress, respectively and the range of internal/external rotation was taken from -20 to 20 degress, respectively. The z-coordinate of the center of gravity of the leg b was taken to be 42.3 cm. Body weight W B was taken to be 800 N. Position of acetabulum was defined by angles ϑ CE = 30 ∘ and ϑ AV = 15 ∘ . Radius of articular surface r was taken to be 2.5 cm.
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Results
Previous study shows that the highest acetabular loading was observed in unsupported supine abduction (Kristan et al., 2007) (Fig. 6) . Therefore, we have tested the effect of straightleg exercise about the hip on the hip joint resultant force R and peak contact stress p max . The magnitudes of the hip joint reaction force R and the peak contact stress p max during various positions in rehabilitation exercises in supine body positions are shown in Fig. 7 and Fig. 8 respectively. Fig. 9 shows overview of forces and stresses for rotation angle -20 degrees. Flexion in the hip has greater effect on the resulting loading of the acetabulum than the abduction. The hip joint reaction force R as well as the peak contact hip stress p max is the highest in the unsupported supine extension of the hip. The hip joint loading is the lowest in hip flexion.
Discussion
In aggreement with previous studies (Kristan et al., 2007; Tackson et al., 1997) , we have found that in the neutral leg position the hip joint reaction force is high for unsupported supine body position. This can be explained by considering the equilibrium of the moments of the gravitational and muscular forces with respect to the center of rotation of the hip joint in different leg positions. In the unsupported supine abduction, the leg has a tendency to extend and hence the activity of flexors is required. In the supine abduction flexors that are required to maintain this posture have smaller moment arms and thus demand high flexor forces. Therefore the hip joint reaction force magnitude in unsupported supine position is considerably high. Flexion about the hip decreases the moment arm of the weight of the leg and hence decreases loading. Extension of the hip decreases the effective arms of the flexors and it increase the required muscle force as well as the hip joint reaction force. Computed values of hip joint reaction force and peak contact hip stress reported in this study are of the same order of magnitude as the ones performed in non-weight-bearing exercises measured in vivo (Givens-Heiss et al., 1992; Tackson et al., 1997) . Direct measurements of peak contact stress in supine body positions were found to be 2.8 MPa and 3.8 MPa in vivo (Givens-Heiss et al., 1992; Tackson et al., 1997) versus 3.5 MPa in our study. The reports do not specifically mention the amount of vertical leg support in supine adduction, but considering the fast velocities it could be inferred that the abduction was unsupported. It should be noted, however, that these in vivo measurements were performed with angular velocities above 30 ∘ and therefore also include the dynamic component of loading.
The limitations of the direct stress measurement method (Morrell et al., 2005) include the facts that the sensors measure the cartilage-on-metal surface and not the cartilage-on-cartilage surface, that the metal prosthesis in contact with natural acetabulum may differ from physiologic morphology of the hip, that sensors were located on the femoral head surface while the values of stress on the acetabular joint surface were estimated from the kinematic data. Further, hip pressure measurements of abduction exercises were performed in one patient only. On the other hand, our method is limited by the model assumptions. In the calculation of the acetabular loading, it was assumed that the pelvis is fixed. Small rotations of the pelvis are not likely to influence the hip joint reaction force. However, if the rotations of the pelvis were large, this would represent a significant limitation of the study. The muscles were considered as active springs which are able to generate force in order to maintain body position. The passive forces generated by the muscle-tendon unit were not taken into account. To better describe the properties of the muscle, a forward dynamics optimization including activation dynamics and musculo-tendon contraction dynamics could be used Thelen et al. (2003) . The static optimization method used in this study to compute muscle forces cannot predict muscle co-contraction Tsirakos et al. (1997) . To improve the description of the muscle forces during exercises, a dynamic optimization approach that takes into account dynamic properties of neuromusculoskeletal system could be used. Also, within the static approaches, there are differences according to the choice of the optimization criterion Prilutsky and Gregor (2000) . However, comparison of measurements and calculations of the hip joint reaction force showed that the type of the optimization criterion employed does not significantly influence the calculated hip joint reaction force. In the mathematical model of hip stress calculation, several simplifications were used that could influence the accuracy of the calculated contact stress distribution. For example, in our model the femoral head and acetabulum are taken to be spherical. In normal hips the femoral head and the acetabulum are actually out-of-round by 1-3 mm. It has be shown that in the case of an ellipsoidal articular surface with the semiaxes r and r + △r, the cosine stress distribution function (Eq. (10)) can be modified by taking into account the perturbation of the first order in △r/r which yields the stress distribution function in the form p = p 0 cos γ(1 + 3(△r/r) sin 2 γ) (Ipavec et al., 1997 ). Our mathematical model derivation also assumes that the cartilage layer has constant thickness and mechanical properties. The contact stress was assumed to be proportional to the cartilage deformation δ. If the properties of the cartilage vary along the articular surface, the contact stress at a given point also varies, and this is not taken into account in our model. The mechanics of cartilage layer in the hip joint obviously cannot be fully described as a homogeneous continuum and a linear elastic material. In order to approach a more realistic description of the stress and force distribution in the cartilage layer, one should take into account the specific molecular structure of the joint articular surface where the two glycoprotein monolayers are adsorbed on the cartilage of both contact surfaces (Nordin and Frankel, 1989) . The mechanics of this structure could be realistically described only by using the methods of theoretical physics on the molecular level developed in the field of polymer physics and the statistical physics of interfaces. We have assumed hip exercises with straight leg only, i.e. no knee flexion was assumed. This assumtion is not fully realistic as the hip flexion is usually acompanied with the flexion in the knee. Also the range of motion in the hip may considerably change if the knee flexion is assumed (Čihák, 2002) . The accuracy of the acetabular loading predicted in this paper could be certainly improved by removing some of the above mentioned simplifications assumed in our mathematical model. However, we believe that the main conclusions would not be changed by using a more advanced mathematical model.
Conclusions and further research
We conclude that absolute values of the hip joint reaction force and the peak contact hip stress in unsupported supine abduction are the highest in combination of hip extension, hip abduction and internal rotation. The stresses and force can reach the values observed in weightbearing exercises or gait (Ipavec et al., 1999) . Unsupported Supine abduction in initial rehabilitation phases should be therefore omitted or recommended with ground support (on the bed) or in combination with assisted flexion. Based on the presented results we suggest that detailed calculations of spatial distribution of the hip joint contact stress is required before starting rehabilitation procedure as to individually design the rehabilitation procedure for a given patient. In the planning, the spatial position of the fracture lines and dislocations of the acetabular fragments should be taken into account. Our results complement the results of direct measurements of stress during exercises and the experience -based exercise protocols in elucidating the mechanical impacts on the rehabilitation. In further work, stress distributions in other body positions should computed as well in order to select an appropriate therapy for given patient.
